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Design of modern control laws motivates the creation of state-space models from aeroservoelastic models.
Balanced truncation is often used to create reduced-order models. In the present work, a reduced-order model that
employs a change in time scale in computing the balancing transformation is developed. The transformation matrix
necessary to transform the original aeroservoelastic model is found from the aeroservoelastic model employing the
recast time scale. Results from an aeroservoelastic wing and a supersonic transport model are shown, and it is
demonstrated that, with an appropriate choice of time scale, the methodology results in greatly improved
conditioning for the Lyapunov equations used to find the Gramians employed in the balancing transformation.

Nomenclature

aeroservoelastic state matrix using the original

time scale

aeroservoelastic state matrix using the recast

time scale

aeroservoelastic state matrix for the balanced system
(original time scale)

matrix of actuator delay constants

aerodynamic state matrix

constant term in Roger’s rational function
approximation

linear term in Roger’s rational function approximation
quadratic term in Roger’s rational function
approximation

aeroservoelastic input matrix using the original time
scale

aeroservoelastic input matrix using the recast time
scale

aeroservoelastic input matrix for the balanced system
(original time scale)

N; x 1 vector fully populated with values of 1.0
aerodynamic input matrix corresponding to velocity
input

curve fit term corresponding to aerodynamic lag term
! in Roger’s rational function approximation
aeroservoelastic output matrix using the original time
scale

aeroservoelastic output matrix using the recast time
scale

aeroservoelastic output matrix for the balanced
system (original time scale)

wing chord

aerodynamic output matrix

assembled damping matrix

modal damping matrix
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[C,]
[D]

enhanced damping matrix
aeroservoelastic feedthrough matrix using the original
time scale
aeroservoelastic feedthrough matrix using the recast
time scale
aeroservoelastic feedthrough matrix for the balanced
system (original time scale)
aerodynamic feedthrough matrix corresponding to
displacement input
aerodynamic feedthrough matrix corresponding to
velocity input
aerodynamic feedthrough matrix corresponding to
acceleration input
assembled actuator force vector
modal actuator force vector
assembled aerodynamic force vector
modal aerodynamic force vector
solution to the recast controllability Lyapunov
fi?gg_tion when [(Q] is equal to [I]

—1
identity matrix
assembled stiffness matrix
modal stiffness matrix
enhanced stiffness matrix
reduced frequency, ¢/(2V,) X @
matrix of actuator rotational stiffnesses
assembled mass matrix
modal mass matrix
enhanced mass matrix
modal actuator moment vector
number of aerodynamic lags used in Roger’s rational
function approximation (typically 0-3)
nondimensional Laplace variable related to reduced
frequency =ik
matrix of aerodynamic influence coefficients in the
frequency domain
(BI[B]'
freestream dynamic pressure
matrix converting time scales
transformation matrix from generalized deflection to
control surface rotation
arbitrary matrix
generalized aeroservoelastic output using the recast
time scale
balancing transformation matrix using the original
time scale
balancing transformation matrix using the recast
time scale
original time scale
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Voo = freestream velocity

{v} = eigenvector of [A]

{v} = eigenvector of [A]

LA = controllability Gramian using the original time scale

W] = controllability Gramian using the recast time scale

w,] = observability Gramian using the original time scale

w,] = observability Gramian using the recast time scale

{x} = arbitrary vector is not equal to {0}

{y} = vector of nodal displacements/rotations (output from
aeroservoelastic state-space system)

{z} = vector of aerodynamic lag states

o = time scale conversion factor from the original to the
recast time scale

B = time scale conversion factor for the aeroservoelastic

output matrix
B! = curve fit term corresponding to aerodynamic lag term
[ in Roger’s rational function approximation

{6} = vector of control surface rotations

[AA] = perturbation in [A]

[AA] = perturbation in [A]

[AB] = perturbation in [B]

[AB] = perturbation in [B]

[AQ] = perturbation in [Q]

[AW,.] = perturbation in [W,]

{8ema} = vector of commanded control surface rotations

€, = normalized error measure in computing the recast
controllability Lyapunov equation

€, = normalized error measure in computing the recast
observability Lyapunov equation

A = eigenvalue of [A4]

A = eigenvalue of [A]

{&} = modal displacement vector

[6?] = diagonal matrix of eigenvalues for balancing
transformation using the original time scale

[62] = diagonal matrix of eigenvalues for balancing
transformation using the recast time scale

T = recast time scale

(@] = matrix of modal eigenvectors

{¢} = modal eigenvector

0] = natural frequency

1. Introduction

HE design of modern flight vehicles requires sophisticated

mathematical models. Aeroservoelastic models combine aero-
dynamics, controls, and structural models into a single model that
can be used for control law design. The importance of performing
active control for flutter suppression, gust load alleviation, and ride
quality enhancement was identified during the NASA High-Speed
Research Program [1,2]. The design of control laws for this class of
vehicles continues [3]. Ultimately, state-space models are required.

The size of such aeroservoelastic models can be quite large (on the
order of thousands of states [4]) and thus unsuitable for control law
design. One approach for reduction is computation of a balanced
realization followed by truncation of the least important states. The
balanced realization applied in the present research involves
computing the controllability and observability Gramians of the
aeroservoelastic model. Once these Gramians are computed, an
eigenvalue problem is solved for the transformation matrix that
results in the balanced states being ordered in terms of their
controllability and observability [5-7]. It is in this stage that the
truncation may be performed safely by eliminating the modes with
the least controllability and observability.

Previous research has developed aeroservoelastic reduced-order
models (ROMs) that are appropriate for control law design [4]. In this
previous research, the Gramians needed for the balancing
transformation were computed from the Lyapunov equations using
the algorithm given in [8], which implements the Bartels—Stewart
algorithm [9] using only real arithmetic. For the particular form of the
aeroservoelastic state-space model implemented in [4], using a time
scale of seconds was found to produce diverse entries in the state

matrix that in turn led to relatively large errors in the solution of the
Lyapunov equations.

In the present work, the time scale in the previously developed
ROMs is changed in order to better condition the Lyapunov
equations used to compute the Gramians. However, in order to avoid
problems associated with new units for the physical dimension of
time, the original system is the one that is balanced and truncated. For
instance, seconds are the usual units of time, but better conditioning
may be achieved using milliseconds as the time unit. In such a case,
one would not want to archive the balanced and truncated version of
the new system that uses milliseconds as the time unit. Rather, it is
much better to store the balanced and truncated form of the original
system that uses seconds as the time unit.

II. Original Linear Time Invariant
System of Equations

The aeroservoelastic state-space model is generated using the
methodology presented in [4]. A brief summary of this work is
presented here.

A. Structural Model
The modal equations of motion are given as

[MI{E} + [CHE} + [KKE} = (Foero} + {Fac) (1)

The following set of equations are used to compute the structural
modal mass, stiffness, and damping matrices from the corresponding
assembled finite element matrices:

[M] = [@][M][®] )
[CJl = [@][C,][®] 3)
(K] = [®]"[K][®] 4)

where [®] is computed from the generalized eigenvalue problem,
(KI{¢} = ’[M]{e} ©)

and the modal forces are computed from the assembled forces as
follows:

{Fact} = [@]T{Fm} (6)

{Faero} = [q)]T{Faem} (7)

B. Aerodynamic Model

The doublet-lattice method is used to generate a potential flow
solution to the unsteady system aerodynamics [10,11] in the
frequency domain. Roger’s rational function approximation (RFA)
method [12] is used to obtain a state-space representation of the
unsteady aerodynamics in the time domain. This is obtained in the
classical manner by solving a curve fit to the generalized aero-
dynamic influence coefficients.

The unsteady aerodynamic data are converted to state-space form
in the time domain using a RFA [12], giving

p[B]
p+p

N
[0(p)] = [A°) + plA'] + p?[A%] + ) ®)
=1

When converted into the time domain, the Laplace domain model
becomes a state-space model of the form
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£
{2} =[A{z} +[0 By 013§ )
£
and
1 §
o P} =G +1D) Dy D} E (10)
” £

Here, the aerodynamic state-space matrices are determined from the
terms in Eq. (8) as follows:

X%
A =2 diag( —f% . —BY) (D
B, 0 0
Bil=|0o - o 12)
0 0 B,
[CAl=[B'" B> --- BY] (13)
[D§]=[A°] (14)
(D3] = 5.~ [A"] (s)
= (=Y a2 16
031= (57-) ) (16)

C. Actuator Model

In addition to modeling the structure and aerodynamics, an
actuator model is included in the aeroservoelastic state-space model.
This is done by modeling the actuator as a feedback control system.
The actuator moment can be written as

{Mact} = [k]({(scmd} - {5} - [a]{g}) = [r]{ﬁact} (17)

where the control surface deflections are given in terms of the
generalized deflections as follows:

8y =[rli&} (18)

Hence, the modal actuator forces are given by

{F et} = [T ({Bema} — [PHE} — [allrHED) (19)

D. Aeroservoelastic State-Space Model

The aeroservoelastic model is formed by combining Egs. (1), (9),
(10), and (19) together and writing them in state-space form.
Considering acceleration to be the output, the result is given as
follows:

£ 0 I 0 3
Ev=|-M'K —-M'C, g .M'C, |{E
2 0 B} Ay z
0
+ | Mk [{Semal (20)
0
and
§
Gy=[—oM 'R —oM'C, g oM 'C )] E
Z
+ [OM " FTK){8uma} 21

where the dot refers to time derivatives taken with respect to the
original time scale ¢. The matrices [M], [C,], and [K] are given by

[M] = [M] - q..[D3] (22)
[C,]=[C,l — gooDA] + [P K][a]lr] (23)
[K] = [K] — qo[D§] + [ TK][7] 24)

The system of state-space equations is written in compact notation
as follows:

3 £
£ =lAl &+ [Blma} (25)
z Z
and
3
{3} =1[C £ ¢ + [DNbcma} (26)
z

If, instead of acceleration, displacement is requested as the output,
the set of linear output equations are given by

g :
m=le 0 ol gr=(cl @7)
Z Z

Likewise, if velocity is desired as the output, the linear output
equations are given by

§ §
i=[0 @ 0]y ¢ =I[C] ¢ (28)
Z Z

This system of equations potentially has conditioning problems
regardless of the output. For instance, if

[M_IIQ'],-J- > 1 for some i, j (29)

then the resulting system of equations is likely ill-conditioned and the
Gramian calculations will likely be in error. To overcome this
problem, the time dimension of the state-space model is changed
appropriately for use in computing the controllability and observ-
ability Gramians.
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III. Recast System of Equations

To achieve better conditioning for computing the Gramians, the
original time scale ¢ is converted to a different time scale 7, where

T=at (30)

For instance, if 7 is in seconds, choosing & = 1000 ms/s gives 7 in
milliseconds. The first-order time derivatives in Eqs. (20) and (21)
are transformed as follows:

d_

e

_ %

and

dz dz dz

e dto) e (32)
Likewise, the second-order time derivative becomes
d2 d dé ) d’
ZS = =02 33
a2 dlo (dz Y iz (33)

Letting (-) = d(-)/dz, we have
& I 0 O
{ £ } =0 af O
z 0 0 I

§ 3
felomfel o
Z Z

and

3 ol 0 07]¢ 3

Er=[0 @l 0 |Jge=cRigr G5
0 0 o / /

Z < Z

Incorporating the change in the time scale, the state-space system of
equations become

/

Z

: :
{ s"} - ;[R]I[A][R]{ s’} IR B} GO
Z

(¢ i
= [A]{ S/} + [BRScma} (37
b4
and
1 3
{s} = ﬁ[C][R]{ 5’} + [DRécma} (38)
z
e i
b4
where
{y} displacement output
{s} =14 {)y'} velocity output (40)
{y"} acceleration output
and

1 displacement output
B =1 a velocity output 41
a® acceleration output

Considering the acceleration to be the requested output, the system
of state-space equations can be written explicitly as

g 0 I 0 £
gl=|-tM'R —1a'C, =mic, |{E
7 0 B 1A, z
0
+ | Mk | {Sema) (42)
0
and
§
i=|-beir 'k —Loir'e, meirc,] ¢
Z
+ [% oM er] {Bema} (43)

If, however, displacement or velocity is desired, the output equation,
respectively, becomes

§
i=[® 0 0]4¢ (44)
Z
or
3
vi=[0 @ 0]{5/} (45)
Z

IV. System Stability

In the present section, the intuitively obvious fact that the stability
classification of the system is unaffected by changing the time scale
will be shown mathematically. Recall that the stability of the
unscaled system is obtained by examining the eigenvalues of [A]. If
all of the eigenvalues of [A] have negative real parts, the system is
stable. The relevant eigenvalue problems for the unscaled and time-
scaled systems, respectively, are

[AJ{v} = AM{v} (46)
and
(AT} = Mo} (47)
Using the definition of [A], Eq. (47) can be recast as
[AI[R{3} = A [R){D} (48)
Comparing Eqs. (46) and (48), the following results are observed:

i=1a (49)
o

and
{0} = [R]"{v} (50)

Hence, it is clear that the eigenvalues of [A] are simply the eigenvalues
of [A] scaled by factor 1/c. Therefore, if the original system is stable,
the system with the recast time scale will also be stable, because only
nonzero positive « values are allowed. Likewise, if the original
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system 1is unstable, the recast system will also be unstable.
Nevertheless, the margins of stability are affected, as the eigenvalues
grow or shrink depending on «. For & > 1, the eigenvalues of [A] not
only become smaller but also move closer together, even though the
ratio of any one eigenvalue to any other particular eigenvalue remains

constant.

V. Controllability and Observability Gramians
The original system of equations has a controllability Gramian,
[W,], which satisfies the following Lyapunov equation:
[AIW.] + W AT + [BIIB]" = [0] S

and an observability Gramian, [W,], which satisfies the following
Lyapunov equation:

[AT'IW,] + [W,]IA] + [CT'[C] = [0] (52)

Likewise, the recast system of equations have Gramians that
identically satisfy

(A.] + VAT + BB = (o] 53)
and
AW, ] + [, JI4] + [C () = 0] 54
Substituting expressions for [A] and [B] into Eq. (53) gives
IRITATRI] + W JRIATR]
+ R BIBIR = [0 59)

The final result of this equation is obtained by multiplying through by
o and premultiplying and postmultiplying each term by [R] to give

[AJIRIW JIR] + o[RIW JIRIAT" + [BIBI =[0]  (56)

Comparing Eq. (56) to Eq. (51) allows [W_] to be identified as

~ 1
(Wel = IR WRT™! (57)
The corresponding equation for the recast observability matrix is
determined similarly and is given by

(7, = 55 (RIW, IR (58)
where B is given by Eq. (41).

V1. Balanced Realization

The goal in the present research is not only to convert the time scale
for well-conditioned computation of the Gramians but also to
balance and transform the original system of equations in order to
prevent errors from being introduced due to inconvenient and
inconsistent units being used for the time scale. That is, the reduced
state-space model is meant to be created in a form suitable for easy
use later. For instance, it may be necessary to use « = 1000 ms/s for
the computation of the Gramians, which means the time scale is in
units of milliseconds if the original time unit is seconds. However, for
archival purposes, it is much better to store the ROM with time units
of seconds. That this can be easily achieved is demonstrated as
follows.

The eigenvalue problem used to compute the transformation
matrix for conventional balanced realization is determined for the
original state-space system as

W AW,IIT] = [Tllo?] (59)

where [o] is a diagonal matrix of eigenvalues. The corresponding
equation for the recast system is given by

[WIW,IT] = [T]6°] (60)

That these two equations define equivalent eigenvalue problems is
observed by substituting Eqgs. (57) and (58) into Eq. (60) and
simplifying to give

[WIIW,IRIT] = [RITI[*5°] ©1)
Hence,
1= 2] (©)
and
[RIIT] = [T] (63)
or
[T] = [RI7'[T] (64)

Equations (53) and (54) are solved for the Gramians corre-
sponding to the recast system of equations. Then, the eigenvalue
problem given by Eq. (60) is solved. Finally, the original set of state-
space equations are transformed and truncated using [77], determined
from Eq. (63). That is, once [T] has been calculated, the generalized
balanced realization of the state-space matrices are determined as

[A] = [TT'[AIIT] (65)
[B] = [T]"'[B] (66)
[C] = [CIT] (67)
[D] = (D] (68)

Note that the resulting system involving [A], [B], [C], and [D] employs
the original time scale units. Hence, the effects of changing the time
scale do not affect the final state-space representation that is
achieved. Rather, time scaling allows the balancing transformation to
be computed using a better conditioned, albeit temporary, state-space
representation.

VII. Gramian Calculation for the Recast System
The Gramians are computed directly using the methodology
presented in [8]. Essentially, in this method, the Schur decom-
positions of [A] and [A]” are employed to transform the controllability
and observability Lyapunov equations into a more manageable form.
The reader is directed to [8] for a complete discussion of the
algorithm details.

VIII. Sensitivity of the Controllability
Lyapunov Equation

To compare the sensitivity of the recast system to the original
system, the sensitivity measure of [13] is applied to the controllability
Lyapunov equations given by Eqgs. (51) and (53). Let Eq. (33) be
rewritten as

[AIW] + W JA]" + [Q] = [0] (69)

Stable real systems with perturbations [AA], [AW.], and [AQ] are
considered with

(Al + [AAD (W] + [AW,]) + (W] + [AW. D ([A] + [AA]T
+ (0] +[AQ)) = [0] (70)
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Measurement Point

Control Surface

Hinge Line

[/
[T

Fig. 1 Simple wing geometry. The single measurement point at the
wingtip is labeled.

Let [H] be the solution to Eq. (69) for the case when [0] = [{]. Thatis,
[AIA] + AT + [1] = [0] (1)
The sensitivity measure is then
MAWIL:  _c a
—— = ——— < 2[|[A] + [AA] ||, [I[H]]
IIW.]+ AW, T

L liadi. ]
0]+ (A0l

where || - ||, represents the spectral or two-norm, which is defined as

sl = max [T 2 3)

[lx} 12

[ 841
(4T + (A4,

(72)

with

I{cHl, = V{x}{x} # 0 (74)

In Eq. (72), itis assumed that [|[A] + [AA]||,. [[[W.] + [AW ]||,. and
I[Q] + [AQ]||, are all nonzero. Equation (72) is written in compact
notation as

LHS <RHS (75)

where LHS denotes left-hand side and RHS denotes right-hand side.

IX. Selection of Time Scale Conversion Factor

The selection of « is problem dependent. However, a large range of
acceptable values for « likely exists for most problems. To find an
acceptable value for « in a quantifiable manner, it is beneficial to
compute normalized error measures for the controllability and

DY 18y1P = Virace (SIS (78)

i=1 j=1

STl =

It should be clear that, in the case of an exact calculation of the
Gramians for the recast system, the numerators in Egs. (76) and (77)
will be zero. The goal is to select an o value that gives normalized
error measures as low as possible. The process for finding an
acceptable value of « is either based upon user experience or trial and
error. Although a trial and error process may initially seem to be
unsatisfactory from a computational standpoint, it should be noted
that such a process does not involve recomputing either the structural
or aerodynamic solutions. Rather, it is only necessary to rescale the
resulting aeroservoelastic system according to Eqs. (42—45). The
recast Gramians and the needed balancing transformations are then
easily computed. Then one simply checks the relative errors in the
recast controllability and observability Lyapunov equations to assure
that both equations have been solved satisfactorily. On a modern
personal computer, such a trial and error process is not compu-
tationally prohibitive.

X. Simple Wing Example Problem

The first example problem selected for this development is a
simple wing with a control surface at the trailing edge. This
configuration is shown in Fig. 1. A single measurement point at the
wingtip is chosen to go along with the single input of the control
surface deflection. The flight conditions consist of a Mach number of
0.3 and a dynamic pressure of 200 psi.

A. Three-State Solution

For the purposes of demonstrating the effect of scaling on the
system matrices, a single elastic mode along with a single aero-
dynamic lag state is used. This gives a total of three states that must be
evaluated. The original system has the following [A] and [B] matrices:

0 1 0
[A] = | —5.9409 x 107 /s> —13,233.2/s —1.1526 x 10°/s?
0 1 —6821.76/s
(79)
and
0
[B]= | —1.4939 x 10°/s? (80)
0

Using « = 1000 ms/s gives a recast system where time is measured
in milliseconds. The [A] and [B] matrices for the recast system are

observability Lyapunov equations. These are defined as follows: - 0 1 0
e o o [A]=] —59.409/ms®> —13.2332/ms —1.1526/ms> 81
o _ AW + DV JAT + (BIBY) - 6 0 ! ~6.82176/ms
¢ = i
10411 o
and
o o o ~ 0
o ATV, + W, JA] + [CTC - [B] = | ~1493.9/ms? (82)
o = =
ATl 0
where || - || represents the Frobenius norm, which is defined as Considering displacement to be the output of interest, the following
follows for real matrices: matrices complete the original and recast systems:
Table 1 Conditioning of the three-state system
o LHS RHS cond([A]) € €
1.0 0.0099  7.907 x 10° 5.9420 x 107 1.4551 x 10° 7.4752 x 10723
1000.0  0.0099 8.7303 63.0554 2.4872 x 1071 3.0492 x 1077
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40 states
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Fig. 2 Magnitude of the frequency response of the wingtip deflection as
a function of the control surface frequency for the full and truncated
systems.

0.0102 —=—— LHS q10%

1 024

b

0.0098
10%
(7))
T 0.0096 I
H10* .
0.0094
: . 18
0.0002F 10
0.009 st svsad sl sl s 407
10° 10" 10* 10° 10* 10° 10°
o
Fig. 3 Sensitivity of the 40-state system.
[Cl=[Cl=[® 0 0] (83)
and
[D] = [D] = [0] 84)

It is clear from inspection that the recast system is much better
conditioned than the original system. Table 1 shows the values for the
LHS and RHS of Eq. (72) for the controllability problem,
considering all nonidentity entries in [A] and [B] to be altered by 1%.
More specifically, [A] and [B] are modified, and the corresponding
modifications to [A] and [B] are found using their definitions. That is,

(Ad] = L (R [AAJR )

and

10°E .
10° 10" 10* 10® 10* 10° 10°
o
Fig. 4 Condition of [A] for the 40-state system.

——=—— Controllability
——— Observability

107

10*
10°
10°®
w
10"
1072

10™

FENREET L fm METERTIT ETEr
10° 10" 10® 10° 10* 10° 10°

o

Fig. 5 Relative error in solving the Lyapunov equations for the 40-state
system.

(AB) = [R]"[AB] (86)

Note that the LHS of Eq. (72), which is the relative change in the
controllability Gramian, is not exactly 0.01, because the identity
entry is exact in [A] and is left unmodified. The condition number of
[A] isalso shown in Table 1, along with normalized error measures for
the controllability and observability Lyapunov equations.

Although using the original system (o =1) along with the
algorithm from [8] produces reasonably accurate results for the
observability Gramian (€, =~ 0), the results for the controllability
Gramian are quite in error (€. 3> 0). Using a time scale conversion
factor of & = 1000 ms/s produces controllability results that are
much better behaved, while the observability results remain
reasonably accurate. It is also noted that the bound on the relative
change in the Gramian (RHS) decreases dramatically in going from
a=1toa=1000 ms/s.

B. Forty-State Solution

Here, a total of eight elastic modes and three aerodynamic lag
states per elastic mode are used. The magnitude of the frequency
response of the wingtip deflection as a function of the control surface
excitation is shown in Fig. 2. Also shown in Fig. 2 is the magnitude of
the frequency response for the balanced and truncated system, where
17 of the 40 possible states are used. As is evident from examining the
figure, excellent results have been obtained from the balanced and
truncated system.

Results for the LHS and RHS of Eq. (72) versus « are plotted in
Fig. 3. Itis noted that the bound provided by Eq. (72) is not very tight
for this larger system, even when significant scaling is applied.
Nevertheless, the bound appears to be best for a value of o near
10° ms/s.

The condition number of [A] versus « is plotted in Fig. 4, and the
relative errors in solving the Lyapunov equations for the Gramians
are shown in Fig. 5. The condition of [A] appears to be optimal near
a = 10*. The errors in the controllability and observability Gramians

Fig. 6 S4T model.
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Fig. 7 Locations of selected accelerometers.

show opposite trends with . Considering the controllability and
observability Gramians equally, the optimal value appears to be near
a = 200. The final choice of o depends on the problem at hand.
Nevertheless, there are large ranges in « that are acceptable.

XI. S4T Example Problem

The S4T configuration is a scaled version of a supersonic transport
configuration (developed by NASA, The Boeing Company, and
McDonnell Douglas Helicopter Systems) known as the technology
concept aircraft (TCA). A photograph of the S4T model is shown in
Fig. 6. This model is 192 in. (16 ft) long, representing a 4.91% scaled
version of the TCA. The mass and stiffness of the model have been
tailored to achieve dynamically scaled structural behavior [1]. The
model is constructed with a graphite-epoxy flexible fuselage beam, a
fiberglass-epoxy/honeycomb sandwich wing, and graphite-epoxy
control surfaces. To represent the structural dynamics of the TCA
fuselage, the flexible fuselage beam is mounted to a stiff aluminum
channel through springs at four locations. This aluminum channel is
referred to as the rigid beam and is connected through a balance to the
wind-tunnel wall. The model has three actuated control surfaces,
variable mass engine nacelles, and instrumentation to measure
acceleration, strain, and pressure.

The S4T model is instrumented with 43 accelerometers, 6 strain
gages, and 55 pressure taps. Based on the results of some open-loop
testing, eight sensors are selected that have relatively high coherence
and transfer magnitude at frequencies corresponding to the two
lowest frequency modes. The accelerometers chosen for this study
are shown in Fig. 7.

Actuation of the S4T model is addressed with three aerodynamic
control surfaces. This includes a flap, a horizontal tail, and a ride
control vane (RCV). The locations of these control surfaces are
shown in Fig. 8.

The flight conditions are given by a Mach number of 0.8, a
dynamic pressure of 0.277778 psi, and a flight velocity of
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Fig. 8 Locations of control surfaces.
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Fig. 9 Bode plots from the three inputs to the aft wingtip acceleration
(HTAIL denotes horizontal tail).
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Fig. 10 Condition number of [A] as a function of scaling parameter o
for the 120 state solution.
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Fig. 11 Relative error in solving the Lyapunov equations for the
Gramians of the 120-state system. Errors for the case where
displacement, velocity, or acceleration are taken as the output are shown.

5079.0 in/s. The aerodynamics are represented using the doublet-
lattice method. A total of 30 structural modes and two aerodynamic
lags are used to represent the S4T model. This results in a total of
120 states to go along with the eight chosen outputs and three inputs.
A total of 24 transfer functions exist, with a representative set shown
in Fig. 9, for the acceleration of the aft wingtip point as a function of
the RCV, flap, and horizontal tail inputs. Using the full 120 states or
truncating to 20 states produces the same results.

The condition number of [A] is shown in Fig. 10. Based on the
condition number alone, the optimal time scaling appears to be
a = 10*. The relative errors in calculating the Gramians from the
Lyapunov equations [Eqs. (76) and (77)] are shown in Fig. 11. The
relative error in calculating [W,] shows an overall downward trend
with increasing «. Here, three separate error measures for the
observability Gramian are computed based on whether the dis-
placement, velocity, or acceleration are chosen as the output. Similar
to the simple wing example, when displacement is chosen as the
output, the controllability and observability errors have opposite
trends with increasing «. The relative error in computing [W,] for
acceleration output has a similar trend to that for [WC]. Finally, the
trend for €, for velocity output falls in between that for displacement
and acceleration output. Considering displacement or velocity
output, the optimal value (i.e., the value that weights €, and ¢,
equally) appears to be o = 10?, whereas for acceleration output, an o
of 10° minimizes ¢,.

Once again, even though the optimal value of « is not coincident
when considering the condition number of [A], €., and €,, there
appears to be a wide range of values that produce acceptable errors in
calculating [W,] and [W,].
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XII. Conclusions

A methodology for modifying the time scale in aeroservoelastic
state-space equations has been presented. This time scale conversion
leads to better-conditioned Lyapunov equations, which can be solved
for controllability and observability Gramians. Subsequently, these
Gramians can be used to create a balanced and truncated ROM in the
original time units for archival purposes. The optimal value of the
time scale conversion factor is problem- and output-dependent, but a
large range of acceptable values likely exists for most problems.
Because only the time scale of the assembled aeroservoelastic system
is changed, it is not necessary to recompute the structural or
aerodynamic solutions to find an acceptable value of the time scale
conversion factor. Such a trial and error process to find an acceptable
time scale is not computationally prohibitive, given even modest
computational resources.
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